Recently, a number of structured funds have emerged as public-private partnerships with the intent of promoting investment in renewable energy in emerging markets. These funds seek to attract institutional investors by tranching the asset pool and issuing senior notes with a high credit quality. Financing of renewable energy (RE) projects is achieved via two channels: small RE projects are financed indirectly through local banks that draw loans from the fund's assets, whereas large RE projects are directly financed from the fund. In a bottom-up Gaussian copula framework, we examine the diversification properties and RE exposure of the senior tranche. To this end, we introduce the LH++ model, which combines a homogeneous infinitely granular loan portfolio with a finite number of large loans. Using expected tranche percentage notional (which takes a similar role as the default probability of a loan), tranche prices and tranche sensitivities in RE loans, we analyse the risk profile of the senior tranche. We show how the mix of indirect and direct RE investments in the asset pool affects the sensitivity of the senior tranche to RE investments and how to balance a desired sensitivity with a target credit quality and target tranche size.
Introduction
We consider the problem of valuing and optimally designing structured finance instruments when the underlying asset pool is inhomogeneous. The standard in credit portfolio modelling is to assume a homogeneous credit portfolio, for example in the "Basel II"-formula (Gordy, 2003) , or in the valuation of collateralised debt obligations (CDOs) (e.g. Gregory and Laurent, 2004; Andersen and Sidenius, 2004; Hull and White, 2007) . In the context of structured renewable energy financing, asset pools typically consist of sub-portfolios of different loan types. In this paper, we develop the necessary tools for pricing and risk management of such structured products and we explore different aspects of optimally designing asset pools and related structured products.
To finance sustainable growth in developing economies, governments and government agencies from various countries, such as Germany, Denmark and the Netherlands, are seeking to leverage available financing by attracting private investors in microfinance investments. 1 Paired with the aim to promote investment in Renewable Energy (RE), Energy Efficiency, or more generally Green Finance projects, a number of structured climate funds have been set up as public-private partnerships. 2 Examples are the Global Climate Partnership Fund, http://gcpf.lu, the Green for Growth Fund, http://www.ggf.lu and the European Energy Efficiency Fund, https://www.eeef.eu. The GCPF, initiated in 2010 by the German Federal Ministry for the Environment, Nature Conservation and Nuclear Safety (BMU) and by KfW Development Bank, issues a junior tranche (C-Shares, first loss, equity tranche), a mezzanine tranche (B-Shares), a senior tranche (A-Shares) and a super-senior tranche (Notes). Notes and Class A shares are targeted at private investors to leverage the amount invested in Class B and C shares, which are typically held by public investors. In 2018, 91% of the fund's asset pool consisted of indirect financing of RE projects through financial institutions, while 9% were direct investments in RE (a significant increase from 1.2% in Q1/2014). 3 In such a fund, the equity tranche bears the first losses that occur in the asset pool. If the equity tranche gets wiped out by defaults, the mezzanine tranche bears the next losses, etc. This cash flow structure creates a buffer against credit losses for holders of the senior tranches, giving the senior tranches a superior credit quality compared to the lower tranches. 4 It is this risk transfer that allows to attract private investors who are seeking high credit quality investments: Institutional investors who are interested in investments in innovative asset classes, such as Green Finance or emerging markets, for example to benefit from diversification effects (e.g. Krauss and Walter, 2009; Dorfleitner et al., 2011) , may be prevented from direct investments due to credit risk constraints such as credit rating restrictions. Creating tranches of different seniority is therefore a mechanism to attract public and private capital into climate financing.
As mentioned above, only a small proportion of loans in the asset pool are direct RE investments. To enable microfinancing of RE projects, structured funds typically engage with local banks in developing countries (see Figure 1 ). These banks act as intermediaries by drawing funds from the fund's asset pool and lending them to local borrowers for RE projects. The asset pool of such a structured fund consists therefore primarily of claims against local banks in emerging market and developing countries. While it is ensured that all capital invested into the structured fund is channeled into RE projects, the large proportion of indirect financing creates exposure mainly to regional banks in developing and emerging countries, and to RE projects only to a lesser extent. This may be unsatisfactory for an institutional investor seeking exposure to the RE sector in order to diversify their existing portfolio. On the other hand, if the asset pool consisted only of (large) direct exposures to RE projects, diversification could be too low to provide a reasonably-sized senior tranche.
The objective of this paper is two-fold: First, extending the LH+-model by (Greenberg et al., 2004) , we develop a Merton-type model for asset pools that consists of a homogeneous infinitely granular sub-portfolio and a finite number of individual homogeneous loans. We provide closed pricing formulas for the fund's tranches. Second, we develop a solution for optimal structuring taking into account both the exposure towards RE and a desired size of the senior tranche(s). More specifically, we derive the optimal portfolio mix of indirect and direct potential. In future, the BMZ would like to encourage private-sector involvement to a greater extent, and thus facilitate responsible and sustainable investment in the financial sector in developing countries. This will also spawn numerous opportunities on which other sound development projects can build."
2 See e.g. the following quote from the website of the BMZ: "Green finance is an innovative approach of German development cooperation. The financial sector in cooperation countries becomes part of the transition process to a low carbon, resource efficient economy and to improved adjustment to climate change." 3 GCPF Annual Report 2018, GCPF Portfolio Report for the quarter ending on 31.3.2014 4 For an introduction to structured credit, the reader is referred to (e.g. Duffie and Singleton, 2003; O'Kane, 2008 investments maximising the sensitivity to the RE sector, given a desired size and credit quality of the (super) senior tranche. The structure of the paper is as follows: In Section 2 we develop the LH++ model. Section 3 provides closed formulas for the valuation loans and CDO tranches. In Section 4, we determine the parameters (default probabilities and asset correlations) of banks' when adding a (small) RE loan to their balance sheet. In Section 5.1 we introduce CDO tranche sensitivities with respect to the RE sector, solve for the optimal asset pool structure and senior tranche size and give examples based on publicly available data on existing structured funds. Section 6 concludes.
Model setup
We consider a stylised model, which allows to derive a number of analytical results. The asset pool consists of loans whose default probabilities can be determined from a Merton-type asset value approach (Merton, 1974) . Two types of loans are found in the asset pool: a subportfolio of homogeneous small loans to banks, which in turn finance small RE projects; several homogeneous large direct RE investments. To model these two types of different loans, we extend the LH+ model developed by (Greenberg et al., 2004) to the LH++ model , which couples an infinitely granular homogeneous portfolio with a finite number of large loans. Closed valuation formulas for CDO tranches are derived in Section 3, which in turn allows to analyse the credit riskiness of senior tranches and their dependence on the loan structure and correlations in the asset pool.
Gaussian copula framework
Consider a portfolio of n loans (obligors) and denote their random times of default by (τ 1 , . . . , τ n ). The loss associated with loan i is L i = N i · (1 − R i ), where N i denotes the exposure-at-default and R i denotes the recovery rate of loan i. Exposure-at-default and recoveries are assumed to be constant, that is, neither random nor time-dependent, which is a reasonable assumption in the context of loans. The overall portfolio loss at time t is given by
The valuation of loans and CDO tranches requires as input term structures of default probabilities, both as univariate and as multivariate distributions. The Gaussian copula framework introduced by Li (2000) then provides a parsimonious way of modelling these quantities. Univariate default probabilities, P(τ i ≤ t), t ≥ 0, i = 1, . . . , n, are assumed to be given, for example, implied from credit spreads observed in the market. If there is no term structure available in the market, it is common to assume that the default time follows an exponential distribution with constant hazard rate λ i , so that
(1)
The hazard rate is calibrated to one given default probability or to one market credit spread s i via the relationship
Joint default probabilities are modelled by the Gaussian copula via
where ρ ij is the so-called asset correlation and where N 2 (x, y; ρ) denotes the bivariate standard normal distribution function with correlation parameter ρ. The terminology asset correlation originates from the Merton model (Merton, 1974) , where, for a fixed time horizon T , the righthand side of (2) describes the probability of two firms' ability-to-pay variables, Y i,T and Y j,T (standard normally distributed) jointly falling below their so-called default thresholds c i , c j :
One can think of the ability-to-pay variables as a standardised version of a firm's asset value, and the default thresholds representing the level of debt, with default occuring if the asset value falls below the debt level.
In a one-factor model approach, e.g. Vasicek (1987) , the asset correlations enter via a systematic factor, that is, the normalised asset return can be decomposed as
with V t the systematic factor and ε 1,t , . . . , ε t,n the idiosyncratic factors, all of which are independent standard normally distributed random variables. Conditioning on the joint aggregate factor yields, for ρ i < 1,
Moreover, conditional on V , the default times are independent, that is,
Infinitely granular homogeneous portfolio
A common assumption in credit portfolio modelling is to assume that the portfolio is homogeneous and "infinitely granular", which means that it consists of infinitely many infinitely small homogeneous components. This stylised portfolio assumption, sometimes called large homogeneous portfolio (LHP) was first introduced by (Vasicek, 1991) and has many uses in credit portfolio risk; for example, it provides the basis for the so-called "Basel II"-formula Gordy (2003) . In the LHP, idiosyncratic risk is diversified away, leaving only systematic risk. Formally, by the law of large numbers, since the obligors are conditionally independent, the percentage loss conditional on V t is given by (we drop all indices because of the homogeneity assumption)
Solving for V t , the time-t loss distribution can be written as
LH++ model
As outlined above, a typical asset pool of a structured climate fund mixes small loans to financial institutions with large direct financing of RE projects. Hence, the infinitely granular homogeneous portfolio assumption will be justified only for the part of the investment pool consisting of loans issued to regional financial institutions. The LH+ model developed by Greenberg et al. (2004) incorporates one loan with different characteristics into the asset pool, which otherwise consists of an infinitely granular homogeneous portfolio (see also Section 17.3 of O'Kane (2008)).
Extending the model to allow for several homogeneous loans into the asset pool conveniently allows to model the direct RE investments. This gives rise to the LH++ model, which we introduce here. Aside from the indirect RE investments through loans to financial institutions, the asset pool consists of n RE loans that are modelled each by the Merton asset value model with recovery rate R 0 , fractional notional N 0 , default probability p 0,t and default times τ 1 , . . . , τ n . The default probabilities are linked to standard normally distributed ability-to-pay variables X 1,t , . . . , X n,t and default threshold c 0 via p 0,t = P(τ k ≤ t) = P(X k,t ≤ c 0 ). The asset correlation between RE loans is ρ 0 , which in a model with a single factor V t translates into a correlation √ ρ 0 between an RE loan and the factor, and into a correlation √ ρ ρ 0 between the homogeneous portfolio and an RE loan. 5 The fractional notional of the homogeneous portfolio is denoted by N , so that N + n N 0 = 1. The portfolio loss variable conditional on V t is then
where c t = N (−1) (p t ) denotes the default threshold associated with loans in the LHP.
Proposition 1. The time-t loss probabilities are given by
with ∨ and ∧ denoting the maximum and the minimum operator, respectively. The random vector (V t , X 1,t , X 2,t , . . . , X n,t ) follows a multivariate normal distribution with mean vector 0 and covariance matrix equal to the correlation matrix
Proof. Because of the homogeneity of the portfolio of direct RE loans, we have
and the first claim follows by re-writing {L t > α} using (5). That (V t , X 1,t , . . . , X n,t ) follows a joint normal distribution follows from the single factor setting with
The special case n = 1 corresponds to the LH+ model, and one can obtain the formula given by (Greenberg et al., 2004) :
where N 2 denotes the bivariate standard normal distribution function. For large n, a significant speed-up in the numerical calculation can be achieved by conditioning on V t and using the conditional independence of X 1,t , . . . , X n,t , which gives
where n denotes the standard normal density function.
Loan and CDO valuation
In this section we derive analytic formulas for valuing loans and CDO tranches in the LH++ framework.
Loan valuation and credit spread
The relation between a loan's credit spread and its survival probability is as follows: Assume a loan with notional 1, maturing at T and continuously paying interest of (r + s), where r is the risk-free interest rate and s is the credit spread. If the loan defaults prior to maturity, it pays a recovery R. The discounted cash flows from the loan are therefore
At time 0, the risk-neutral price of the loan is given by
where q(u) = P(τ > u) is the risk-neutral probability of survival until time u (conditional on no default until time 0). As the no-arbitrage price at inception is V loan (s) = 1, the no-arbitrage spread can be backed out from survival probabilities as
In case the term structure of survival probabilities is determined by a constant hazard rate, q(u) = e −λu , u > 0, the expressions simplify to
where the last line is the so-called credit triangle.
CDO mechanics and valuation
A CDO can be thought of as a special purpose vehicle consisting of loans as assets and notes of different seniority as liabilities. Proceeds from the asset pool, both coupon and redemption payments, are paid to note holders according to their seniority: on a payment date, senior note (tranche) holders are the first to receive their promised coupon and redemption payments. Next, provided there are sufficient proceeds from the asset pool, mezzanine note (tranche) holders are served, and so on. Last-in-line are equity tranche holders. As such, equity tranche holders are exposed to the highest credit risk, bearing the first losses from the asset pool (the equity tranche is sometimes called the "first-loss piece"), while the senior tranche enjoys a risk buffer as it is unaffected by losses until the equity and mezzanine tranches are wiped out. For further details on CDOs, the reader is referred to e.g. O'Kane, 2008) . So far we have assumed a fixed default time horizon T . Valuation of credit derivatives requires a term structure of default probabilities. so that we now assume that all quantities of interest are time-dependent, e.g. default probabilities are given by p
We continue to assume that the asset pool consists of an infinitely granular portfolio of homogeneous obligors for the indirect RE investments and of n direct investments in homogeneous RE loans. The tranche structure of a CDO on a notional amount of 1 can be written as a partition of [0, 1), where each tranche covers the loss in one interval of the partition. In other words, there exist attachment, resp. detachment points 0 < α 1 < · · · < α k = 1 such that the i-th tranche covers losses in the interval [α i−1 , α i ). The time-t loss of the i-th tranche can be written as
where the time-t portfolio loss L t is given by (5). The probability that the i-th tranche is hit by a loss until time t, P(L t > α i−1 ), is given by Proposition 1. Pricing a CDO tranche with attachment point α i−1 and detachment point α i requires the time-zero tranche survival curve, which expresses the expected percentage survival notional at time t, and is given by
An explicit expression for Equation (12) is obtained from the following Proposition.
Proposition 2.
where A t (α, k) is given by (6).
The random vector (Y t,1 , V t , X 1,t , . . . , X n,t ) follows a joint normal distribution with mean vector 0 and covariance matrix equal to the correlation matrix
The proof reduces to examining the expectation on the right-hand side, which can be written as
The loss variable L t , given by (5), can be decomposed into
It is easily checked that, conditional on k RE loan losses,
. . , n, each expectation on the right-hand side in (14) can be written as
and the expectation in the last line simplifies to
where the last line follows from the conditional independence of Y t and the other variables given V t .
If n = 1 (the LH+ model), we obtain:
where N k denotes the multivariate standard normal distribution function for a k-dimensional vector. As noted for Proposition 1, the numerical computation of the multivariate probabilities can be efficiently improved by exploiting the conditional independence of the terms conditional on V t . To calculate the tranche survival curve (12) via Proposition 2 requires the time-t PD's and correlations of the loan portfolio as inputs. If available, the term structure of default probabilities, p(t), t ≥ 0, can be derived from market data, for example CDS spreads.
The i-th tranche pays (continuously) a coupon of r + s i on the remaining tranche notional, where r denotes the (constant) risk-free interest rate. At maturity, the tranche pays the remaining notional. 6 By risk-neutral valuation, the percentage value of the i-th tranche at time 0 is given by
At inception, the no-arbitrage 7 percentage value of the tranche is 1, so that backing out the spread yields
Consequently, given PD's and correlations, the valuation of CDO tranches can be done in an analytic way.
Indirect renewable energy financing
In this section, we derive the model parameters of a bank that draws on the asset pool to lend out an RE loan. This has an impact on the bank's credit quality and exposure to RE. We continue to work in a Gaussian copula framework, but in order to determine the parameters from enlarging the bank's balance sheet we now make the underlying Merton model explicit.
The key idea of the Merton model (Merton, 1974) is to model the balance sheet of a firm that finances its assets by a single zero-coupon bond maturing at time T and equity. The firm defaults at time T if the asset value is below the debt notional and survives otherwise. If the asset value is modelled as a Geometric Brownian motion, then the bond value, probability of default and credit spread can be determined from the Black-Scholes-Merton model.
More specifically, firm i defaults when its time-T asset value A i T is below its debt-value D i T = e rT D i 0 , where the initial debt value D i 0 is constant. If the asset value process (A i t ) t≥0 follows a Geometric Brownian motion,
with W a Brownian motion, then the time-T asset log-return is normally distributed ln(A i T /A i 0 ) ∼ N((r − 1/2σ 2 i )T, σ 2 i T ), and the time-T default probability of obligor i, conditional on {τ i > 0}, can be expressed as
where Y i is standard normally distributed and c i = ln(e rT D i
Given the time-T probability of default p i , we define c i := N (−1) (p i ). The dependence between two obligors i and j is expressed via their asset correlation, given by
, and the probability of a joint default is given by
Equation (19) is just the Gaussian copula framework introduced in (2).
We now assume a bank with asset value A 0 and debt value D 0 at time 0. Adding an RE loan with face value R 0 to the balance sheet changes the asset value to A 0 + R 0 and the debt value to D 0 + R 0 . We assume that both the firms debt and the RE loan mature at time T . Prior to adding the RE loan, the bank's asset volatility is σ B , the bank's time-T probability of default is p B and the correlation among any two bank's is ρ B := ρ. The firm receiving the RE loan has an asset volatility of σ R , PD of p R , and RE firms are correlated with asset correlation ρ R := ρ 0 . The bank's asset value (prior to issuance of the RE loan) and the RE firm's asset value are correlated with ρ RB := √ ρ ρ 0 .
We impose that after issuance of the RE loan, the assets' log return is normally distributed,
Pricing CDO tranches requires the bank's probability of default, which in turn requires the bank's asset volatility, and the banks' asset correlations. Assuming that the RE loan is small relative to the bank's balance sheet, we approximate the annual log-return via a first-order Taylor expansion around A 1 ,
Proposition 3. Using the approximation (20) gives
Because the proof consists mainly of long calculations it is deferred to the appendix. Upon issuance of the RE loan, the bank's PD becomes
where Y ∼ N(0, 1) andc = ln(e rT (D 0 + R 0 )/(A 0 + R 0 )) − rT + σ 2 T /2 σ √ T .
Structuring the asset pool
Two objectives for structuring the asset pool are important: First, the asset pool needs to be appropriately diversified, as a concentrated (i.e., undiversified) asset pool is not capable of producing sufficient risk transfer between equity and senior tranches. More specifically, given a target credit quality, the senior tranche size varies depending on the degree of diversification in the asset pool. Second, it can be assumed that investors seek exposure to the RE sector as one of their primary reasons to invest. A typical institutional investor will therefore find a senior AAA-rated tranche with a high sensitivity to the RE sector most attractive. Based on these considerations, we determine the optimal mix of (diversified) indirect RE loans via banks and direct RE loans in the asset pool. First, we introduce PV01 and tranche delta to measure the exposure of an tranche to RE loans. Second, we specify and solve the optimisation problem to design a structure according to the above-mentioned criteria.
CDO sensitivities
We measure the exposure to RE by the sensitivity of tranche values to changes in RE loan value changes. A CDO tranche's PV01 (present value of a basis point) is the change in tranche value following a one basis point spread widening of the underlying portfolio. The (tranche) delta of a CDO tranche is the PV01 relative to the PV01 of the reference portfolio (e.g. Chapter 17 O'Kane, 2008). The tranche delta expresses the proportion of the asset pool required to hedge against changes in the tranche value.
As we are interested in sensitivities with respect to RE, we introduce the PV01 RE as the value change in a CDO tranche when the credit spreads of all RE loans (both direct loans and indirect through bank loans) increase by one basis point. In Section 3.2, we denoted the value of a CDO tranche by V (α i−1 , α i , s i ). Since we are only considering the most senior tranche, and need notation for the specific setting, we denote the tranche value by V (λ, w, α, s), where λ denotes the RE loan hazard rate, w denotes the percentage weight of direct RE loans in the asset pool, α is the senior tranche's attachment point and s is the credit spread paid on the tranche. The number of direct RE loans is assumed to be constant. Using (10) where PV01 RE,loan is the PV01 of a single RE loan, determined from (9) withλ and λ, respectively.
The value of the direct RE loans in the LH++ model is calculated directly from (9). For the RE loans on the banks' balance sheets, the new PD is calibrated to the Merton model, (18) , from which the new asset volatility of an RE loan is backed out, which in turn is used to calculate the new PD of the bank portfolio, (21). This is the input to calculating the value of each loan to a bank, (8). For the PV01 RE , the previously calculated quantities enter in the calculation of the tranche survival curve, Equation (12), which in turn enters the tranche valuation, (16).
Optimal senior tranche size and RE loan weight
From the structurer's point of view, the objective is to generate a senior tranche with maximum exposure to RE loans given a desired minimum size tranche size and a desired credit rating, typically AAA. The credit rating constraint can be formulated in terms of the default probability or the expected loss of a AAA-rated loan, cf. (Hull and White, 2010) . In the first case, one would require P(L ≥ α i−1 ) ≤ π AAA , with π AAA the PD of AAA-rated loan. In the second case, one would set 1 − q i (T ) ≤ π AAA (1 − R), where 1 − q i (T ) is the expected loss as a percentage of the senior tranche's notional, and π AAA (1 − R) is the expected loss of a AAA-rated loan. 8 In the following, we take expected loss as the constraint.
Let w ∈ [0, 1] be the percentage weight of the direct RE loan sub-portfolio in the asset pool (i.e., every RE loan has weight w/n). The number n of direct RE loans is assumed to be given -obviously, at a fixed w, a higher n adds diversification, so an infinitely granular RE subportfolio is optimal, but infeasible. Also, we take the size of RE loans on intermediate banks' balance sheets as given, as this is a variable that is not controlled by the issuer. The objective for structuring the asset pool is formulated as the weight of direct RE loans that maximises exposure to RE, expressed as PV01 RE , while allowing for sufficient diversification in the asset pool, formulated via a minimum senior tranche size α min :
subject to
Here, q(t, λ, w, α) denotes the expected percentage tranche notional at time t ∈ [0, T ], cf. (12). The constraint (24) expresses that the optimal attachment point for α must obey a minimum tranche size, expressed by the maximum attachment point α max , specified by the issuer. A solution may fail to exist, if α max is chosen too small (just consider the case where α max = 0, which is incompatible with the requirement that the senior tranche attains a AAA rating unless all loans in the asset pool are AAA-rated). The following proposition characterises the solution if it exists.
Proposition 4.
(i) For w ∈ (0, 1), the PV01 RE and the attachment point α ∈ [0, 1] satisfy
As a consequence, if a solution exists (i.e., (23) and (24) are satisfied), then it (23) is binding, giving α * (w) = argmin α q(T, λ, w, α) = 1 − π AAA (1 − R), for w ∈ [0, 1].
(ii) For w ∈ (0, 1),
If a solution exists and w * ∈ (0, 1), then ∂ ∂w α * (w * ) > 0 and, as a consequence, (24) is binding, i.e., α * (w * ) = α max . Otherwise, if a solution exists, then w * = 1.
The following Lemma contains some properties that are required for the proof.
Lemma 5. Let V (λ, w, α, s) denote the value of the most senior CDO tranche with attachment point α, spread s, RE loan weight w and RE loan intensity λ. Then, the following properties hold:
Proof. The properties all follow from no-arbitrage arguments. (28) and (29) are a direct consequence of a senior CDO tranche being a long position in RE loans. For (30), inspection of the tranche valuation formula shows that s enters only as a cash flow, while λ affects the expected percentage tranche notional q, which is lower for higher λ, hence eliminating some of the positive effect of the spread change s. Finally, for (31), the tranche's credit quality increases with α, but the impact is smaller when λ increases.
Proof. (i) (25) follows directly from (28). For (26), observe first that This proves (25) and (26). It follows jointly from (25) and (26) that a lower attachment point creates the greater exposure (sensitivity). Hence, for given w, the optimal attachment point is as small as possible. By the rating constraint (23), a target credit quality requires a minimum attachment point, which determines α * (w), w ∈ [0, 1].
(ii) With the binding constraint (23), the optimisation problem is re-formulated as max w PV01 RE (λ, w, α * (w), s(w, λ * (w))), such that λ * (w) ≤ α max x.
Because V (λ, w, α * (w), s(w, α * )) = 1, for all w ∈ [0, 1], it holds that
where s = s(w, α * (w)) and α = α * (w). It therefore suffices to consider For the second part, because (23) is binding, it follows that q(T, λ, w, α * (w)), is constant for all w > 0, hence by the Implicit Function Theorem
at α = α * (w). In part (i) it was established that ∂ ∂α q(T, λ, w, α) > 0. It remains to analyse ∂ ∂w q(T, λ, w, α). Increasing the weight w of RE loans in the asset pool can increase credit quality e.g. by diversification or decrease credit quality, e.g. by concentration in the asset pool, which in turn affects the expected percentage tranche notional q. If increasing w increases the asset pool credit quality, either by diversification or because the RE loan PD is small compared to the bank loan PD, then q increases. Vice versa, if increasing w decreases the asset pool credit quality, either by concentration or because the RE loan PD is high compared to the bank loan PD, then q decreases. Aside from q being monotone (increasing / decreasing) in w, the only other possible case is that q is concave, i.e., small w diversifies, high w concentrates.
If q is monotone decreasing or concave, ∂ ∂w α * (w) > 0 by (34), which implies that a higher attachment point α creates a higher sensitivity (27) (in magnitude), and the attachment point is constrained by the tranche size requirement (24), giving an inner solution w * ∈ (0, 1), or by w * = 1. Similarly, If q is monotone increasing in w, then ∂ ∂w α * (w) < 0, implying w * = 1 since α * (1) ≤ α max .
Example
For a realistic analysis, the example considered uses publicly available market data as well as size specifications of the GCPF. All data are specified in Table 1 . The PV01 of a 10-year RE loan priced at par is determined to be −8.7281 basis points by calculating a new hazard ratẽ λ = s + 0.0001 1 − R from (10) and plugging this into (9). Figure 2 shows the tranche attachment point α * , tranche spread s, tranche delta ∆ RE and tranche sensitivity PV01 RE , when (i) varying the number of RE loans, keeping the tranche weight w = 10.61% fixed and (ii) varying the number of RE loans, keeping each loan's weight fixed. In case (i), the number of loans plays virtually no role, except for the attachment point, which decreases as an increasing number of loans improves diversification in the asset pool. The credit spread is constant, reflecting that variations in the cash flow structure compared to the AAA-loan used in obtaining the optimal attachment point can be neglected. Figure 3 shows the same properties when varying the weight w, while keeping number of RE loans fixed at n = 5. Each graph shows three scenarios: (i) the base scenario with the observed 10-year PD of RE loans of 24.21%, (ii) a scenario with high credit quality RE loans (10-year PD 1%) and (iii) a scenario with low credit quality RE loans (10-year PD 40%). For comparison purposes, the bank loan PD is 19.9%. The scenarios yield different shapes of ∂ ∂w α * (w), cf. part (ii) of Proposition 4. Depending on the choice of α max , which determines the minimum required senior tranche size, the optimal the optimal RE loan weight w * will be in (0, 1) in scenarios (i) and (ii), whereas in scenario (iii), we always have w * = 1 if a solution exists, as the sensitivity 
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Corporate Asset recovery rates for senior secured bonds in a AAA CDO tranche are estimated as 17% (Group 4 countries) and 32% (Group 3 countries), see Table 10 of S&P Global Ratings (2015), where Group 3/4 countries are emerging market countries Equity / asset ratio (banks' balance sheets)
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Approximation of several financial institutions in the GCPF asset pool PV01 RE (bottom right) increases with decreasing α * (w). The base scenario with the data from Table 1 is optimal if α * (0.1061) = α max , which translates into α max = 0.3168 for n = 9 and α max = 0.3179 for n = 5. An interesting observation from Figure 3 is that a low RE PD leads to a higher RE loan sensitivity. Two effects contribute to this: first, a 1 bp change in the RE loan spread translates differently into the credit quality change depending on the initial RE PD level; second, a low RE PD implies a low attachment point α * , which in turn increases the tranche's sensitivity to RE loans. The latter effect also implies that an increase in correlations between RE loans and bank loans may fail to increase RE loan sensitivity, as the smaller diversification decreases the senior tranche size. For example, for n = 5, α * shifts from 0.3179 in the base scenario to 0.6707 when correlations between bank loans and between RE loans are set to √ 0.5. In turn, the PV01 RE shifts from −0.1 basis points to −0.034 basis points. 
Conclusion and Outlook
We study public-private partnerships that have a CDO-like investment structure. Here, the public sector invests in the equity tranche, while institutional investors would typically invest in the senior tranches. The risk transfer from restructuring the asset pool's cash flows makes the investment attractive or accessible for risk-averse institutional investors. These types of financial vehicles have been issued in a development finance context, with an explicit goal to promote financing of RE projects in emerging and developing countries. The asset pool is primarily composed of loans to regional banks, which in turn provide direct financing of RE investments. Typically, only few direct investments in RE projects are contained in the asset pool. As such, although the investment into the structured fund is channelled into RE projects, this asset pool composition creates a sensitivity mainly to banks in developing and emerging markets, and to the RE sector only to a lesser extent. Assuming that investors would also seek exposure to RE, the paper provides an answer to questions revolving around the optimal asset pool setup and structuring.
First, we develop a framework for studying this type of problem by introducing the LH++ model, a Merton-type model in which the asset pool consists of an infinitely granular homogeneous portfolio of bank exposures and one or several large direct RE investment. We derive closed formulas for CDO tranche valuation, which in turn allow to calculate sensitivities such as tranche deltas and PV01's against RE loans. Increasing the proportion of the direct investment increases the RE exposure. However, since direct investments are larger, this also decreases diversification in the asset pool, which potentially decreases the size of the senior tranche (which is characterised by a target AAA rating).
In our stylised framework, we determine the optimal asset pool mix, which maximises RE exposure given a minimum senior tranche size and a desired rating. We show that, in a typical setting, where RE loans have a lower credit quality than bank loans, the optimal proportion of RE loans has weight smaller than 1.
A Proof of Proposition 3
Lemma 6. Let X and Y be independent, standard normally distributed random variables. Then,
Proof. The first identity is easily calculated to be
Using this, the second identity is calculated as
x e σ X X+σ Y y e −x 2 /2 e −y 2 /2 dx dy
Proof of Proposition 3. Let W B and W R be the Brownian motions driving the respective asset processes. In the calculations below, write W R = ρ RB W B 1 + 1 − ρ 2 RB Z, with Z ∼ N(0, 1) independent of W B 1 . Recall that the variance of a log-normally distributed random variable e X with X ∼ N(0, σ 2 ) is e σ 2 (e σ 2 − 1). The variance of the right-hand side of (20) is given by
For the correlation we calculate the required covariance. In the calculations we decompose the (correlated) vector W T = (W B,i 1 , W B,j 1 , W R,i 1 , W R,j 1 ) T into a Cholesky factorisation C with independent normals Z T = (Z 1 , . . . , Z 4 ) T :
The covariance is given by:
Cov ln(
The correlation is obtained by dividing by the respective variance. For the correlation of the modified bank's balance sheet with a single RE loan, we obtain Cov ln(A i 1 ) + 
The correlation is obtained by dividing by the respective standard deviations.
